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THE MASS OF THE PRODUCT OF SPHERES
JEFF A. VIACLOVSKY
Abstract. Any compact manifold with positive scalar curvature has an associated
asymptotically flat metric constructed using the Green’s function of the conformal
Laplacian, and the mass of this metric is an important geometric invariant. An
explicit expression for the mass of the product of spheres S2 × S2, both with the
same Gaussian curvature, is given. Expressions for the masses of the quotient
spaces G(2, 4), and RP2 ×RP2 are also given. The values of these masses arise in a
construction of critical metrics on certain 4-manifolds; applications to this problem
will also be discussed.
1. Introduction
The conformal Laplacian in dimension 4 is the operator
u = −6∆u+Ru,(1.1)
where the convention is to use the analyst’s Laplacian (which has negative eigenval-
ues). If (M, g) is compact and has positive scalar curvature, then for any x ∈ M ,
there exists a unique positive solution to the equation
G = 0 on M \ {x}(1.2)
G = r−2(1 + o(1))(1.3)
as r → 0, where r is geodesic distance to the basepoint x, which is called the Green’s
function [LP87].
The metric gˆM,x = G
2gM , defined on M \ {x}, is scalar-flat and asymptotically flat
(AF) of order 2. The mass of an AF space is defined by
mass(gˆM,x) = lim
R→∞
ω−13
∫
S(R)
∑
i,j
(∂igij − ∂jgii)(∂j y dV ),(1.4)
with ω3 = V ol(S
3). This quantity does not depend upon the coordinate system
chosen at infinity, thus is a geometric invariant [Bar86].
Let (S2 × S2, gS2×S2) be the product of 2-dimensional spheres with unit Gauss
curvature. The product metric on S2 × S2 admits the quotient S2 × S2/Z2 where
Z2 acts by the antipodal map on both factors. It is well-known that S2 × S2/Z2 is
diffeomorphic to G(2, 4), the Grassmannian of 2-planes in R4, see for example [ST69].
Another quotient is RP2×RP2. The product metric descends to an Einstein metric on
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both of these quotients. Since these spaces are symmetric, the mass does not depend
upon the base point. We will therefore denote
m1 = mass(gˆS2×S2),(1.5)
m2 = mass(gˆG(2,4)),(1.6)
m3 = mass(gˆRP2×RP2).(1.7)
By the positive mass theorem of Schoen-Yau, mi > 0 for i = 1, 2, 3 [SY79, SY81].
Note that since S2 × S2 is spin, this also follows from Witten’s proof of the positive
mass theorem [Wit81].
Our main result is to give an explicit formula for these masses, and an approximate
numerical value:
Theorem 1.1. The values of m1,m2, and m3 may each be written as an explicit
infinite sum (see Theorems 6.3, 7.1, and 8.1 for the formulas), and the approximate
numerical values of these masses are given in Table 1.1.
Table 1.1. Mass values
Manifold Approximate mass
S2 × S2 m1 ∼ .5872
G(2, 4) m2 ∼ 2.6289
RP2 × RP2 m3 ∼ 8.4323
1.1. Application to critical metrics. Consider the functional
Bt[g] =
∫
|W |2 dV + t
∫
R2 dV,
where W denotes the Weyl tensor, and R denotes the scalar curvature. A critical
metric for Bt will also be called a Bt-flat metric. It is shown in [GV13] that for t 6= 0,
a Bt-flat metric on a compact manifold necessarily has constant scalar curvature, and
the Euler-Lagrange equation is equivalent to
B = 2tR · E,
where B denotes the Bach tensor, and E denotes the traceless Ricci tensor. That is,
the Bach tensor is a constant multiple of the traceless Ricci tensor.
In [GV13], many examples of Bt-flat metrics were constructed using a gluing pro-
cedure roughly by gluing on a Green’s function metric to a compact Einstein metric.
The metrics obtained are Bt-flat for certain values of t depending upon the geom-
etry of the gluing factors, and the mass of the Green’s function metric enters into
the formula for t0. It would be too long to list all of the examples here, but a first
application is to give approximate numerical values for t0, see Table 1.2 for a few
examples:
Theorem 1.2. [GV13] A Bt-flat metric exists on the manifolds in Table 1.2 for
some t near the indicated value(s) of t0.
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Table 1.2. Approximate values of t0
Topology of connected sum Value(s) of t0
S2 × S2#CP2 −1/3,−(9m1)−1 ∼ −.1892
2#S2 × S2 −2(9m1)−1 ∼ −.3784
G(2, 4)#CP2 −1/3,−(9m2)−1 ∼ −.0422
G(2, 4)#G(2, 4) −2(9m2)−1 ∼ −.0845
RP2 × RP2#CP2 −1/3,−(9m3)−1 ∼ −.0131
RP2 × RP2#RP2 × RP2 −2(9m3)−1 ∼ −.0263
On several connected sums, Bt-flat metrics were constructed for possibly 2 different
values of t0. Another corollary is that on all of the examples for which two values of
t0 were listed, these values are distinct:
Theorem 1.3. Bt-flat metrics exists on the manifolds in Table 1.3 for some t near
the indicated values of t0. Consequently, these manifolds admit B
t-flat metrics for at
least 2 different values of t.
Table 1.3. Examples of manifolds admitting Bt-flat metrics for dis-
tinct values of t.
Topology of connected sum Value(s) of t0
S2 × S2#CP2 −1/3 6= −(9m1)−1
G(2, 4)#CP2 −1/3 6= −(9m2)−1
G(2, 4)#S2 × S2 −2(9m1)−1 6= −2(9m2)−1
G(2, 4)#RP2 × RP2 −2(9m3)−1 6= −2(9m2)−1
RP2 × RP2#CP2 −1/3 6= −(9m3)−1
RP2 × RP2#S2 × S2 −2(9m1)−1 6= −2(9m3)−1
It is remarked that the first entry in Table 1.3 is known to admit an Einstein metric
[CLW08], which is Bt-flat for all t. However, the metrics obtained in Theorem 1.3 are
not Einstein.
In conclusion, it is noted that the approximate numerical values listed here in the
introduction do depend upon computer calculations, but only to calculate partial
sums in the explicit expression for the mass, it is emphasized that no numerical
integration is necessary. Rigorous error estimates are provided in Section 6.2. It is
also emphasized that Theorem 1.3 does not require computer calculations because
these error estimates show that only a calculation of the first partial sum is required,
which is easily done by hand.
1.2. Acknowledgements. The author would like to thank Kazuo Akutagawa, Si-
mon Brendle, Matt Gursky, and Karen Uhlenbeck for enlightening discussions.
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2. Green’s function expansion for an Einstein metric
In this section, some general results about the mass of the Green’s function metric
of an Einstein manifold in dimension four are presented. First, there is the following
expansion for the Green’s function.
Proposition 2.1. Let (M, g) be an Einstein metric with positive scalar curvature in
dimension 4, and Let G be the Green’s function for the conformal Laplacian at the
point x0 ∈ M . Let {xi} be a Riemannian normal coordinate system at x0. Then for
any  > 0,
G = |x|−2 + A+
∑
aix
i +O(|x|2−)(2.1)
as |x| → 0, where A and ai are constants (independent of ).
Proof. For any radial function u(r),
∆u = urr + ∂r
(
log
√
det(g)
) · ur.(2.2)
Recall the expansion of the volume element√
det(g) = 1− 1
6
Rklx
kxl − 1
12
∇mRklxmxkxl +O(r4)
= 1− R
24
r2 +O(r4),
(2.3)
as r → 0, since g is assumed to be Einstein. Changing to radial normal coordinates,√
det(g) = r3 − R
24
r5 +O(r4),(2.4)
Using the expansion
log(1 + x) = x+O(x2)(2.5)
as x→ 0, there is an expansion
log
√
det(g) = 3 log r − R
24
r2 +O(r4)(2.6)
as r → 0. Choose a non-negative cut-off function, φ(r) that is identically 1 on a
small ball B(x0, δ) around x0, and zero outside of B(x0, 2δ), with δ smaller than the
injectivity radius at x0. Letting u = φ(r)r
−2, one computes that
u = −6(urr + ∂r
(
log
√
det(g)
)
· ur) +Ru+O(1)
= −36r−4 − 6
(3
r
− R
12
r +O(r3)
)
(−2r−3) +Rr−2 +O(1)
= O(1)
(2.7)
as r → 0.
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Consequently, u ∈ Lp for any p > 0. Since  is invertible, there exists a solution
of G0 = u for G0 ∈ Lp2 for any p > 0. By the Sobolev embedding theorem,
G0 ∈ C1,α, so G0 admits an expansion
G0 = −A−
∑
aix
i +O(r1+α),(2.8)
which implies that
G = u−G0 = r−2 + A+
∑
aix
i +O(r1+α),(2.9)
admits the claimed expansion. 
The relation between the constant A and the mass is given by the following.
Proposition 2.2. Let (M, g) be Einstein, and assume that the Green’s function ad-
mits the expansion for some  > 0,
G = |z|−2 + A+O(|z|)(2.10)
as |z| → 0, where A is a constant, and {zi} are Riemannian normal coordinates
centered at z0. Then the constant A is related to the mass by
mass(G2 · g) = 12A− R
12
.(2.11)
Proof. In Riemannian normal coordinates, the metric admits the expansion
gij = δij − 1
3
Rikjl(z0)z
kzl +O(|z|3)ij(2.12)
as |z| → 0. Let {xi = zi/|z|2} denote inverted normal coordinates near z0,and let
I(x) = x|x|2 = z(2.13)
denote the inversion map. With respect to these coordinates, the metric G2g in the
complement of a large ball may be written as
G2g = I∗(G2g)
= (G ◦ I)2I∗
(
{δij − 1
3
Rikjl(z0)z
kzl +O(|z|3)ij}dzidzj
)
= (|x|2 + A+O(|x|−))2{δij − 1
3
Rikjl(z0)
xkxl
|x|4 +O(|x|
−3)ij
}
· 1|x|2
(
δip − 2|x|2x
ixp
)
dxp · 1|x|2
(
δjq − 2|x|2x
jxq
)
dxq,
(2.14)
so there is an expansion
(G2g)ij(x) = δij − 1
3
Rikjl(z0)
xkxl
|x|4 + 2A
1
|x|2 δij +O(|x|
−2−)(2.15)
as |x| → ∞. Clearly, gN is asymptotically flat (AF) of order γ = 2, so the mass is
well-defined and independent of the coordinate system [Bar86].
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Since g is Einstein,
Rikjl = Wikjl +
R
12
(gijgkl − gkjgil).(2.16)
The quadratic term in (2.15) is then
−1
3
Rikjl(z0)
xkxl
|x|4 + 2A
1
|x|2 δij = −
1
3
Wikjl(z0)
xkxl
|x|4 +
1
36
xixj
|x|4 +
(
2A− R
36
) 1
|x|2 δij.
(2.17)
This implies the expansion
(G2g)ij(x) = δij − 1
3
Wikjl(z0)
xkxl
|x|4 +
R
36
xixj
|x|4 +
(
2A− R
36
) 1
|x|2 δij +O(|x|
−2−),
(2.18)
as |x| → ∞.
Note that
∂i
(
Wikjl(z0)
xkxl
|x|4
)
− ∂j
(
Wikil(z0)
xkxl
|x|4
)
= 0,(2.19)
due to the symmetries of the Weyl tensor. Also,
∂i
(xixj
|x|4
)
− ∂j
(xixi
|x|4
)
= 3
xj
|x|4 ,(2.20)
and
∂i
( 1
|x|2 δij
)
− ∂j
( 1
|x|2 δii
)
= 6
xj
|x|4 .(2.21)
Consequently, using (1.4), the mass is
mass(G2g) = lim
R→∞
1
ω3
∫
S(R)
(
12A− R
12
) xj
|x|4 (∂j y dV )
=
(
12A− R
12
)
lim
R→∞
1
ω3
∫
S(R)
1
|x|3dσ
= 12A− R
12
.
(2.22)

3. The product metric on S2 × S2
The main example considered is S2 × S2 with metric g = gS2 × gS2 the product of
metrics of constant Gaussian curvature 1. This is invariant under the torus action
which consists of the product of counter-clockwise S1-rotations fixing the north and
south poles. This action has 4 fixed points (n, n), (n, s), (s, n), and (s, s), where n
and s are the north and south poles, respectively.
Choose a normal coordinate system (x1, x2) on the first factor based at n and
another (x3, x4) on the second factor based at n. Then (x1, x2, x3, x4) is a normal
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(0,0) (1,0)
(1,1)(0,1)
Figure 3.1. Illustration of symmetries of S2×S2. The diagonal sym-
metry is a reflection in the dotted diagonal line passing through (0, 0).
Reflection in the dotted vertical line is the antipodal map of the first
factor, while reflection in the dotted horizontal line is the antipodal
map of the second factor.
coordinate system on the product based at (n, n). Note that r1 =
√
x21 + x
2
2, is the
distance function to n on the first factor, r2 =
√
x23 + x
2
4 is the distance function to
n on the second factor, and r =
√
r21 + r
2
2 is the distance function to (n, n) on the
product. Consider also the coordinate system (r1, θ1, r2, θ2) so that
gS2×S2 = dr
2
1 + sin
2(r1)dθ
2
1 + dr
2
2 + sin
2(r2)dθ
2
2.(3.1)
Later, it will be convenient to make the change of variables
x =
1
2
(1− cos(r1)), y = 1
2
(1− cos(r2)).(3.2)
Note that 0 ≤ r1 ≤ pi and 0 ≤ r1 ≤ pi, implies that 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. In this
coordinate system (n, n) = (0, 0), (s, n) = (1, 0), (s, s) = (1, 1), and (n, s) = (0, 1).
In addition to toric invariance, this metric is also invariant under the diagonal
symmetry:
(x, y) 7→ (y, x).(3.3)
The symmetries
(x, y) 7→ (1− x, y)(3.4)
(x, y) 7→ (x, 1− y)(3.5)
correspond to the antipodal maps on each factor.
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4. Green’s function for S2 × S2
Consider the Green’s function of the product metric based at (n, n). From unique-
ness of the Green’s function, it must be invariant under the torus action. Conse-
quently, G = G(r1, r2). It is furthermore invariant under the diagonal symmetry,
that is, G(r1, r2) = G(r2, r1).
Proposition 4.1. In Riemannian normal coordinates based at (n, n), for any  > 0,
the Green’s function based at (n, n) admits the expansion
G =
1
r21 + r
2
2
+ A− 1
180
r21r
2
2
r21 + r
2
2
+
( A
12
− 1
360
)
(r21 + r
2
2) +O(r
4−)(4.1)
for some constant A as r → 0, where r2 = r21 + r22.
Proof. It is easy to verify that for G = G(r1, r2), the operator  is the operator
G = −6(Gr1r1 + cot(r1)Gr1 +Gr2r2 + cot(r2)Gr2)+ 4G(4.2)
on the square [0, pi]× [0, pi]. Since r =
√
r21 + r
2
2 is the distance function from (n, n),
the proof of Proposition 2.1 above shows that
(φ(r)r−2) = O(1),(4.3)
as r → 0, where φ(r) is a cutoff function chosen as above. The next step is to identify
the leading terms of the right hand side. Since the result is only concerned with
the order of growth at (n, n), the cutoff function will be omitted from the following
calculations.
Using the expansion
cot(s) =
1
s
− s
3
− s
3
45
+O(s5)(4.4)
as s→ 0, it follows from (4.2), that
(r−2) = −12
45
+
24
45
r21r
2
2
r4
+O(r2)(4.5)
as r → 0.
A computation (which is omitted) shows that

(r21r22
r2
)
= −6
(
4− 16r
2
1r
2
2
r4
)
+O(r2),(4.6)
and
(r2) = −48 +O(r2),(4.7)
as r → 0. This implies that

( 1
180
r21r
2
2
r2
+
1
360
(r21 + r
2
2)
)
= −12
45
+
24
45
r21r
2
2
r4
+O(r2)(4.8)
as r → 0.
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Next, defining
G−2 =
1
r21 + r
2
2
(
1− 1
180
r21r
2
2
)
− 1
360
(r21 + r
2
2),(4.9)
the above computations show that
G−2 = O(r2)(4.10)
as r → 0. Consequently, G0 ∈ C1,α for any α < 1. Since  is invertible, one may
solve
G0 = G−2(4.11)
with G0 ∈ C3,α. Another straightforward computation shows that this function ad-
mits an expansion
G0 = −A− A
12
(r21 + r
2
2) +O(r
4−),(4.12)
for some constant A as r → 0. Consequently,
G = G−2 −G0(4.13)
admits the claimed expansion. 
5. The approximate Green’s function
In order to have functions defined globally on S2 × S2, consider the change of
variables
x =
1
2
(1− cos(r1)), y = 1
2
(1− cos(r2)).(5.1)
Note that 0 ≤ r1 ≤ pi and 0 ≤ r1 ≤ pi, imply that 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.
For functions u = u(x, y), the operator  takes the form
u = −6{x(1− x)uxx + (1− 2x)ux + y(1− y)uyy + (1− 2y)uy}+ 4u,(5.2)
which is an operator on the square [0, 1]× [0, 1]
Proposition 5.1. In the (x, y)-coordinates, for any  > 0, the Green’s function based
at (0, 0) admits the expansion
G =
1
4
1
x+ y
+
1
6
xy
(x+ y)2
+ A1 +
1
9
x2y2
(x+ y)3
+
A1
3
(x+ y) +O((x2 + y2)1−),(5.3)
for some constant A1 as (x, y)→ (0, 0). The constants are related by
A = A1 +
1
12
.(5.4)
Proof. From (5.1),
r21 = (cos
−1(1− 2x))2 = 4x+ 4
3
x2 +
32
45
x3 +O(x4),(5.5)
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as x→ 0, and similarly
r22 = (cos
−1(1− 2y))2 = 4y + 4
3
y2 +
32
45
y3 +O(y4),(5.6)
as y → 0. Then expand
r21 + r
2
2 = 4(x+ y) +
4
3
(x2 + y2) +
32
45
(x3 + y3) +O(x4 + y4)(5.7)
as x, y → 0. This implies that
1
r21 + r
2
2
=
1
4(x+ y)
{
1− x
2 + y2
3(x+ y)
− 8
45
x3 + y3
x+ y
+
( x2 + y2
3(x+ y)
)2
+O(x4 + y4)
}
(5.8)
as x, y → 0.
From (4.1), expand
G =
1
4(x+ y)
{
1− x
2 + y2
3(x+ y)
− 8
45
x3 + y3
x+ y
+
( x2 + y2
3(x+ y)
)2}{
1− 1
180
16xy
}
+ A+
( A
12
− 1
360
)
4(x+ y) +O((x2 + y2)1−)
(5.9)
as x, y → 0. The second term on the right hand side of the first line of (5.9) is
− x
2 + y2
12(x+ y)2
= − 1
12
+
1
6
xy
(x+ y)2
.(5.10)
The remaining leading terms on the right hand side of the first line of (5.9) are
− 2
45
x3 + y3
(x+ y)2
+
(x2 + y2)2
36(x+ y)3
− 1
45
xy
x+ y
= − 1
60
(x+ y) +
1
9
x2y2
(x+ y)3
.(5.11)
Adding up all terms,
G =
1
4
1
x+ y
+
1
6
xy
(x+ y)2
+ A− 1
12
+
1
9
x2y2
(x+ y)3
+
1
3
(
A− 1
12
)
(x+ y)
+O((x2 + y2)1−),
(5.12)
as x, y → 0, which finishes the computation. 
Next, define
G−2 ≡ 1
4
1
x+ y
+
1
6
xy
(x+ y)2
+
1
9
x2y2
(x+ y)3
.(5.13)
Remark 5.2. This differs from the choice of G−2 occuring in the proof of Propos-
tion 4.1 above, since the choice A1 = 0 corresponds to choosing A = 1/12, but this
does not matter.
A key formula is given by the following:
Proposition 5.3. The function G−2 is smooth on S2 × S2 \ {(n, n)} and
G−2 =
8x2y2(5x2 − 8xy + 5y2)
9(x+ y)5
.(5.14)
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Proof. This is a straightforward calculation, which is omitted. 
Defining
f =
8x2y2(5x2 − 8xy + 5y2)
9(x+ y)5
,(5.15)
then as seen in the above proof, one must solve the equation
G0 = f,(5.16)
for G0 ∈ C3,α. Then, one expands
G = G−2 −G0 = 1
r2
+
1
12
−G0(0, 0) +O(r2),(5.17)
as r → 0, so the constant A is given by
A =
1
12
−G0(0, 0),(5.18)
and by Proposition 2.2,
m1 =
2
3
− 12G0(0, 0).(5.19)
To compute G0(0, 0), an eigenfunction expansion will be used. That is, let φn denote
a L2 orthonormal basis of eigenfunctions, with eigenvalues λn, where n corresponds
to some indexing of the eigenvalues. The function f chosen above is in L2, so admits
an expansion
f =
∞∑
n=0
fnφn,(5.20)
Then G0 is given by
G0 =
∞∑
n=0
fn
λn
φn.(5.21)
The above sum converges in L2. If it happens to converge pointwise at (0, 0), then
m1 =
2
3
− 12
∞∑
n=0
fn
λn
φn(0, 0).(5.22)
However, for general f ∈ L2, there is no reason that the above sum should converge.
Fortunately, f as defined above has better regularity properties, and it turns out
that the sum does indeed coverge absolutely, this will be discussed in detail below.
Moroever, a rigorous estimate for the rate of convergence of the partial sums will be
given in Section 6.2.
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6. The mass of S2 × S2
The eigenvalues of −∆ on S2 are λj = j(j + 1), j ≥ 0 with associated eigenspace
of dimension 2j + 1. Only functions invariant under rotations fixing the north and
south poles will be considered, and there is a unique invariant eigenfunction under
this action, up to scaling. Choosing normal coordinates based at the north pole in
which
gS2 = dr
2 + sin2(r)dθ2,(6.1)
the invariant eigenfunction is given by
φj =
√
2j + 1
4pi
Pj(cos(r)).(6.2)
where Pj is the Legendre polynomial of degree j. The choice of normalization in (6.2)
is to ensure that ‖φj‖L2(S2) = 1.
The invariant eigenfunction is, by definition, a solution of the ODE
u′′(r) + cot(r)u′(r) + j(j + 1)u(r) = 0.(6.3)
This has a 2-dimensional space of solutions, but only a 1-dimensional subspace yields
smooth solutions defined on S2. Making a change of variables u(r) = v(cos(r)), and
letting x = cos(r), (6.3) transforms into
(1− x2)v′′(x)− 2xv′(x) + j(j + 1)v(x) = 0,(6.4)
which is the more familiar Legendre equation, which has a unique polynomial solution,
Pj(x), normalized so that Pj(1) = 1.
From [BGM71], the eigenvalues on S2 × S2 are given by
j(j + 1) + k(k + 1), j, k ≥ 0,(6.5)
with eigenfunctions the product of eigenfunctions on each factor. Taking into account
the torus actions, only the invariant eigenfunctions
φj,k = φj(r1)φk(r2), j, k ≥ 0.(6.6)
need be considered. By Fubini’s Theorem, these satisfy ‖φj,k‖L2(S2×S2) = 1.
If λ is an eigenvalue of −∆, then 6λ + 4 is an eigenvalue of , so the eigenvalues
of  are given by
λj,k ≡ 6(j(j + 1) + k(k + 1)) + 4, j, k ≥ 0.(6.7)
From (5.22), it follows that
m1 =
2
3
− 3
pi
∞∑
j,k=0
√
2j + 1
√
2k + 1
6(j(j + 1) + k(k + 1)) + 4
fj,k,(6.8)
where
fj,k =
∫
S2×S2
fφjφkdVg.(6.9)
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6.1. Evaluation of Fourier coefficients. Since f is a function of r1 and r2,
fj,k =
∫
S2×S2
fφj,kdVg
= (4pi2)
∫ pi
0
∫ pi
0
f(r1, r2)φj(cos(r1))φk(cos(r2)) sin(r1) sin(r2)dr1dr2.
(6.10)
Substituting the change of variables (5.1), noting that
sin(r1)dr1 = 2xdx, sin(r2)dr2 = 2ydy,(6.11)
this becomes
fj,k = 16pi
2
∫ 1
0
∫ 1
0
f(x, y)φj(1− 2x)φk(1− 2y)dxdy
= 16pi2
∫ 1
0
∫ 1
0
8x2y2(5x2 − 8xy + 5y2)
9(x+ y)5
φj(1− 2x)φk(1− 2y)dxdy.
(6.12)
The key point is that this is now a rational integral which can be evaluated explicitly.
Next, use the following expansion for the Legendre polynomials:
Proposition 6.1. The Legendre polynomials have the explicit expression
Pj(1− 2x) =
j∑
p=0
(
j
p
)(
j + p
p
)
(−x)p.(6.13)
Furthermore,
Pj(1) = 1,(6.14)
Pj(−1) = (−1)j.(6.15)
Proof. This is classical; see for example [AS64, Chapter 22]. 
Next, write
fj,k = 4pi
√
2j + 1
√
2k + 1
j∑
p=0
k∑
q=0
(
j
p
)(
j + p
p
)(
k
q
)(
k + q
q
)
(−1)p+qf˜p,q,(6.16)
where
f˜p.q =
∫ 1
0
∫ 1
0
f(x, y)xpxqdxdy.(6.17)
Proposition 6.2. Letting A(p) be the partial sum of the alternating harmonic series,
A(p) =
p∑
i=1
(−1)i−11
i
,(6.18)
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with A(0) ≡ 0, then
f˜p.q =
1
18
1
p+ q + 3
{
− 109− 68(p+ q)− 33(p2 + q2)− 6(p3 + q3)
+ 4(−1)p(p+ 1)(p+ 2)(3p2 + 9p+ 10)( log(2)− A(p))
+ 4(−1)q(q + 1)(q + 2)(3q2 + 9q + 10)( log(2)− A(q))}.
(6.19)
Proof. The proof can be found in Appendix A. 
The explicit formula for the mass is given by:
Theorem 6.3. The mass of the Green’s function metric of the product metric on
S2 × S2, denoted by m1, is given by
m1 =
2
3
− 12
∞∑
j,k=0
(2j + 1)(2k + 1)
λj,k
( j∑
p=0
k∑
q=0
cp,qj,k f˜p,q
)
,(6.20)
where
λj,k = 6
(
j(j + 1) + k(k + 1)
)
+ 4,(6.21)
cp,qj,k = (−1)p+q
(
j
p
)(
j + p
p
)(
k
q
)(
k + q
q
)
,(6.22)
and f˜p.q is defined in (6.19).
Proof. This follows directly from the above calculations. 
6.2. Convergence properties. For any h ∈ L2(S2 × S2), let
SNh =
N∑
j=0
N∑
k=0
hj,kφj,k(6.23)
be the Nth square partial sum, where
hj,k =
∫
S2×S2
hφj,kdV.(6.24)
If h(x, y) = h(y, x), then hj,k = hk,j. With these assumptions, estimate
|h− SNh| =
∣∣∣( ∞∑
j=N+1
∞∑
k=N+1
+
N∑
j=0
∞∑
k=N+1
+
∞∑
j=N+1
N∑
k=0
)
hj,kφj,k
∣∣∣
=
∣∣∣( ∞∑
j=N+1
∞∑
k=N+1
+2
N∑
j=0
∞∑
k=N+1
)
hj,kφj,k
∣∣∣.(6.25)
Next add the assumption that h ∈ L24, then
(2h)j,k = λ2j,khj,k,(6.26)
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and the above estimate becomes
|h− SNh| =
( ∞∑
j=N+1
∞∑
k=N+1
+2
N∑
j=0
∞∑
k=N+1
)∣∣∣ 1
λ2j,k
(2h)j,kφj,k
∣∣∣
≤
{( ∞∑
j=N+1
∞∑
k=N+1
+2
N∑
j=0
∞∑
k=N+1
)φ2j,k
λ4j,k
}1/2
‖2h‖L2 .
(6.27)
Note that
φ2j,k
λ4j,k
≤ 1
16pi2
(2j + 1)(2k + 1)
(6j(j + 1) + 6k(k + 1) + 4)4
.(6.28)
The right hand side is a convex function of j and k, strictly decreasing in both j and
k. Consequently, by the integral test, the following estimates hold
∞∑
j=N+1
∞∑
k=N+1
φ2j,k
λ4j,k
≤ 1
16pi2
(∫ ∞
j=N
∫ ∞
k=N
(2j + 1)(2k + 1)
(6j(j + 1) + 6k(k + 1) + 4)4
djdk
)
,(6.29)
and
N∑
j=0
∞∑
k=N+1
φ2j,k
λ4j,k
≤ 1
16pi2
(∫ N
j=0
∫ ∞
k=N
(2j + 1)(2k + 1)
(6j(j + 1) + 6k(k + 1) + 4)4
djdk
+
∫ ∞
N
2k + 1
(6k(k + 1) + 4)4
dk
)
.
(6.30)
The integral in (6.29) is given by∫ ∞
j=N
∫ ∞
k=N
(2j + 1)(2k + 1)
(6j(j + 1) + 6k(k + 1) + 4)4
djdk =
1
3456
1
(3N2 + 3N + 1)2
.(6.31)
The first integral in (6.30) is given by∫ N
j=0
∫ ∞
k=N
(2j + 1)(2k + 1)
(6j(j + 1) + 6k(k + 1) + 4)4
djdk
=
1
864
( 1
(3N2 + 3N + 2)2
)
− 1
3456
( 1
(3N2 + 3N + 1)2
)
.
(6.32)
The second integral in (6.30) is given by∫ ∞
N
2k + 1
(6k(k + 1) + 4)4
dk =
1
144
1
(3N2 + 3N + 2)3
.(6.33)
It follows that
|h− SNh| ≤ 1
48pi
F (N)‖2h‖L2 .(6.34)
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where
F (N) =
{
− 1
24
1
(3N2 + 3N + 1)2
+
1
3
1
(3N2 + 3N + 2)2
+
1
(3N2 + 3N + 2)3
}1/2
.
(6.35)
Now choose h = G0, defined in (5.16), then
‖2G0‖L2 = ‖f‖L2 = 4pi
{∫ 1
0
∫ 1
0
(f)2dxdy
}1/2
.(6.36)
The latter is rational integral which can be explicity computed:∫ 1
0
∫ 1
0
(f)2dxdy = 61547
45045
,(6.37)
(the computation is a straghtforward extension of the arguments in Appendix A, and
is omitted).
Theorem 6.4. For G0 defined in (5.16),
|G0 − SNG0| ≤ 1
12
√
61547
45045
· F (N)(6.38)
where F (N) is defined in (6.35).
6.3. Estimates on the mass. The following theorem is computable by hand, and
does not depend upon computer calculations:
Theorem 6.5. The mass m1 satisfies the estimates
.4946 < m1 < .6803.(6.39)
Proof. It is straightforward to verify that the square partial sum in (6.20) correspond-
ing to N = 1 is
S1 ≡ 2
3
− 12
56
(
53f˜0,0 − 57f˜1,0 − 57f˜0,1 + 72f˜1,1
)
.(6.40)
Using (6.19), this is equal to
S1 =
4777
1260
− 208 log(2)
45
∼ .5873...(6.41)
The error estimate (6.38) yields
|m1 − S1| ≤
√
61547
45045
· F (1) ∼ .09286...,(6.42)
which obviously implies the stated estimates. 
This implies the following corollary, which covers the first case in Theorem 1.3:
Corollary 6.6. The value of −9(m1)−1 is different from −1/3.
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Proof. The estimate (6.39) implies that
−.2247 < −(9m1)−1 < −.1632,(6.43)
so cannot be equal to −1/3 ∼ −.3333.... 
To obtain a better estimate on the mass, one must use a computer to calculate
more terms in the sum. To this end:
Proposition 6.7. The mass m1 satisfies the estimates
.58722 < m1 < .58727.(6.44)
Proof. Using Mathematica, the square partial sum in (6.20) corresponding to N = 100
is equal to
S100 ∼ .5872473203....(6.45)
The error estimate (6.38) yields
|m1 − S100| < .0000209,(6.46)
which implies the stated estimates. 
This also yields a better estimate on t0 = −(9m1)−1 appearing in Theorem 1.2:
Corollary 6.8. The value of −(9m1)−1 satisfies
−.1892 < −(9m1)−1 < −.18922,(6.47)
and the value of −2(9m1)−1 satisfies
−.3784 < −2(9m1)−1 < −.37842.(6.48)
7. The mass of G(2, 4)
For a Riemannian manifold (M, g), denote by GM,p the Green’s function of (M, g)
with pole at p. As mentioned in the introduction, the product metric on S2 × S2
admits the Einstein quotient G(2, 4), where Z2 acts as the product of the antipodal
map on both factors. Since the conformal Laplacian is linear, and the Green’s function
is unique, it follows that
pi∗(GG(2,4),pi(0,0)) = GS2×S2,(0,0) +GS2×S2,(1,1),(7.1)
where pi : S2 × S2 → G(2, 4) is the projection map.
This function in (7.1) has the expansion
pi∗(GG(2,4),pi(0,0)) =
1
r2
+ AG(2,4) +O(r
2),(7.2)
and the constant term is given by
AG(2,4) = AS2×S2 +GS2×S2,(1,1)(0, 0).(7.3)
But from uniqueness of the Green’s function, and since the quotient symmetry is
(x, y) 7→ (1− x, 1− y),
GS2×S2,(1,1)(x, y) = GS2×S2,(0,0)(1− x, 1− y).(7.4)
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It follows that
AG(2,4) = AS2×S2 +GS2×S2,(0,0)(1, 1).(7.5)
The first term on the right hand side was computed above. To compute the second
term, it was shown above in Section 5 that
GS2×S2,(0,0) = G−2 −G0,(7.6)
where G0 = G−2. Next, evaluate
G(0,0)(1, 1) = G−2(1, 1)−G0(1, 1)
=
1
4
· 1
2
+
1
6
· 1
4
+
1
9
· 1
8
−
∑
j,k
1
λj,k
fj,kφj(1)φk(1)
=
13
72
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)j+kfj,k.
(7.7)
Consequently,
Theorem 7.1. The mass of G(2, 4), denoted by m2, is given by
m2 =
17
6
− 12
∞∑
j,k=0
(2j + 1)(2k + 1)
λj,k
(1 + (−1)j+k)
( j∑
p=0
k∑
q=0
cp,qj,k f˜p,q
)
.(7.8)
Proof. Combining the above formulas,
m2 = 12AG(2,4) − R
12
= 12
(
AS2×S2 +GS2×S2,(0,0)(1, 1)
)− 1
3
=
2
3
− 3
pi
∑
j,k
√
2j + 1
√
2k + 1
λj,k
fj,k
+ 12
(13
72
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)j+kfj,k
)
,
(7.9)
which yields the formula. 
7.1. Numerical evaluation. The error estimate is carried out exactly as in Section
6.2, the details are omitted. Only the following result is stated here:
Proposition 7.2. The mass of G(2, 4) is approximately
m2 ∼ 2.6289.(7.10)
Proof. The details are analogous to that of Proposition 6.7, and are omitted. 
This section is concluded by noting that
(−9m2)−1 ∼ −.0422,(7.11)
2(−9m2)−1 ∼ −.0845.(7.12)
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The first is not equal to −1/3, which proves this case of Theorem 1.3.
8. The mass of RP2 × RP2
As mentioned in the introduction, the product metric on S2×S2 admits the Einstein
quotient RP2×RP2, where Z2⊕Z2 acts by the antipodal map on each factor. Again,
since the conformal Laplacian is linear, and the Green’s function is unique, it follows
that
pi∗(GRP2×RP2,pi(0,0)) = GS2×S2,(0,0) +GS2×S2,(1,0) +GS2×S2,(0,1) +GS2×S2,(1,1),(8.1)
where pi : S2 × S2 → RP2 × RP2 is the projection map.
This function in (8.1) has the expansion
pi∗(GRP2×RP2,pi(0,0)) =
1
r2
+ ARP2×RP2 +O(r
2),(8.2)
and the constant term is given by
ARP2×RP2 = AS2×S2 +GS2×S2,(1,0)(0, 0) +GS2×S2,(0,1)(0, 0) +GS2×S2,(1,1)(0, 0).(8.3)
Again, from uniqueness of the Green’s function, and since the quotient map is gener-
ated by (x, y) 7→ (1− x, y) and (x, y) 7→ (x, 1− y),
GS2×S2,(1,0)(x, y) = GS2×S2,(0,0)(1− x, y),(8.4)
and a similar argument yields that
GS2×S2,(0,1)(x, y) = GS2×S2,(0,0)(x, 1− y).(8.5)
It follows that
ARP2×RP2 = AS2×S2 +GS2×S2,(0,0)(1, 0) +GS2×S2,(0,0)(0, 1) +GS2×S2,(0,0)(1, 1).(8.6)
The first and last term on the right hand side were computed above in Section 7. To
compute the other terms, recall that
G(0,0) = G−2 −G0,(8.7)
where G0 = G−2. Next, evaluate
G(0,0)(1, 0) = G−2(1, 0)−G0(1, 0)
=
1
4
−
∑
j,k
1
λj,k
fj,kφj(1)φk(1)
=
1
4
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)jfj,k.
(8.8)
Consequently,
Theorem 8.1. The mass of RP2 × RP2, denoted by m3, is given by
m3 =
53
6
− 12
∞∑
j,k=0
(2j + 1)(2k + 1)
λj,k
(
1 + (−1)j + (−1)k + (−1)j+k)( j∑
p=0
k∑
q=0
cp,qj,k f˜p,q
)
.
(8.9)
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Proof. Using the above formulas, compute that
m2 = 12ARP2×RP2 −
R
12
= 12
(
AS2×S2 + 2GS2×S2,(0,0)(1, 0) +GS2×S2,(0,0)(1, 1)
)− 1
3
=
2
3
− 3
pi
∑
j,k
√
2j + 1
√
2k + 1
λj,k
fj,k
+ 12
(1
4
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)jfj,k
)
+ 12
(1
4
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)kfj,k
)
+ 12
(13
72
− 1
4pi
∑
j,k
√
(2j + 1)(2k + 1)
λj,k
(−1)j+kfj,k
)
,
(8.10)
which yields the formula. 
8.1. Numerical evaluation. Again, the error estimate is carried out exactly as in
Section 6.2, the details are omitted. Only the following result is stated here:
Proposition 8.2. The mass of RP2 × RP2 is approximately
m2 ∼ 8.4323.(8.11)
Proof. The details are analogous to that of Proposition 6.7, and are omitted. 
This section is concluded by noting that
(−9m3)−1 ∼ −.0131,(8.12)
2(−9m3)−1 ∼ −.0263,(8.13)
The first is not equal to −1/3, which proves this case of Theorem 1.3.
Appendix A. Evaluation of integrals
Recalling that
f =
8x2y2(5x2 − 8xy + 5y2)
9(x+ y)5
,(A.1)
in this appendix, the integral
f˜p.q =
∫ 1
0
∫ 1
0
f(x, y)xpyqdxdy(A.2)
is computed explicitly. The proof will be a sequence of propositions, beginning with:
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Proposition A.1. Let p, q, and n be integers satisfying p ≥ 0, q ≥ 0, and n ≥ 1.
Define
I(p, q;n) =
∫ 1
0
∫ y
0
xpyq
(x+ y)n
dxdy.(A.3)
Then for n > 1 and p+ q > n− 2,
I(p, q;n) =
−1
2n−1(n− 1)(p+ q + 2− n) +
p
n− 1I(p− 1, q;n− 1).(A.4)
Proof. Integrating by parts,
I(p, q;n) =
∫ 1
0
∫ y
0
xpyq
(x+ y)n
dxdy
=
∫ 1
0
∫ y
0
xpyq
1
1− n
∂
∂x
( 1
(x+ y)n−1
)
dxdy
=
1
1− n
∫ 1
0
{
xpyq
1
(x+ y)n−1
∣∣∣y
0
−
∫ y
0
pxp−1yq
1
(x+ y)n−1
}
=
1
1− n
{∫ 1
0
1
2n−1
yp+q−n+1dy − pI(p− 1, q;n− 1)
}
=
1
1− n
{ 1
2n−1
1
p+ q + 2− n − pI(p− 1, q;n− 1)
}
,
(A.5)
which yields the formula. 
The next proposition is:
Proposition A.2. For all p ≥ 0, q ≥ 0,
I(p, q; 1) =
1
p+ q + 1
(−1)p(log(2)− A(p)).(A.6)
where A(p) is the pth partial sum of the alternating harmonic series,
A(p) =
p∑
i=1
(−1)i−11
i
,(A.7)
with A(0) ≡ 0.
Proof. First, if p = 0, compute
I(0, q; 1) =
∫ 1
0
∫ y
0
yq
x+ y
dxdy
=
∫ 1
0
yq
(
log(x+ y)
)∣∣∣y
0
dy
=
1
q + 1
log(2),
(A.8)
which is indeed equal to the right hand side of (A.6).
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Next, if p ≥ 1, long divide as polynomials in x,
xp
x+ y
=
p−1∑
i=0
(−1)ixp−1−iyi + (−1)p y
p
x+ y
.(A.9)
Using this, it follows that
I(p, q; 1) =
∫ 1
0
∫ y
0
xpyq
(x+ y)
dxdy
=
∫ 1
0
yq
∫ y
0
( p−1∑
i=0
(−1)ixp−1−iyi + (−1)p y
p
x+ y
)
dxdy
=
∫ 1
0
yq
( p−1∑
i=0
(−1)i 1
p− ix
p−iyi + (−1)pyp log(x+ y)
)∣∣∣y
0
dy
=
∫ 1
0
yp+q
( p−1∑
i=0
(−1)i 1
p− i + (−1)
p log(2)
)
dy
=
1
p+ q + 1
(−1)p(log(2)− A(p)).
(A.10)

The final proposition is:
Proposition A.3. For p ≥ 4, q ≥ 0,
I(p, q; 5) =
−1
192(p+ q − 3)
(
4p3 − 10p2 + 8p+ 3
)
+
p(p− 1)(p− 2)(p− 3)
3 · 23(p+ q − 3) (−1)
p(log(2)− A(p− 4)).
(A.11)
For q > 0,
I(3, q; 5) =
1
64q
.(A.12)
For q > 1,
I(2, q; 5) =
5
192(q − 1) .(A.13)
Proof. If p ≥ 4, iterating the above formula (A.4) four times, it follows that
I(p, q; 5) =
−1
p+ q − 3
( 1
26
+
p
3 · 25 +
p(p− 1)
3 · 25 +
p(p− 1)(p− 2)
3 · 24
)
+
p(p− 1)(p− 2)(p− 3)
3 · 23 I(p− 4, q, 1),
(A.14)
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which simplifies to
I(p, q; 5) =
−1
192(p+ q − 3)
(
4p3 − 10p2 + 8p+ 3
)
+
p(p− 1)(p− 2)(p− 3)
3 · 23 I(p− 4, q, 1),
(A.15)
then using Proposition A.2, (A.11) follows. Next, (A.12) follows by applying (A.4)
three times, and (A.13) follows by applying (A.4) two times, the computations are
straightforward and are omitted. 
Now it is possible compute the required integrals. First, rewrite the integral on the
square in terms of integrals on triangular regions using the symmetry (x, y) 7→ (y, x),
f˜p.q =
∫ 1
0
∫ 1
0
f(x, y)xpyqdxdy
=
1
2
∫ 1
0
∫ 1
0
f(x, y)(xpyq + xqyp)dxdy
=
∫ 1
0
∫ y
0
f(x, y)(xpyq + xqyp)dxdy
=
∫ 1
0
∫ y
0
f(x, y)xpyqdxdy +
∫ 1
0
∫ y
0
f(x, y)xqypdxdy.
(A.16)
Notice that the second integral is equal to the first integral, but with p and q inter-
changed. So next compute the integral∫ 1
0
∫ y
0
f(x, y)xpyqdxdy =
∫ 1
0
∫ y
0
8x2y2(5x2 − 8xy + 5y2)
9(x+ y)5
xpyqdxdy
=
8
9
(
5I(p+ 4, q + 2; 5)− 8I(p+ 3, q + 3; 5) + 5I(p+ 2, q + 4; 5)
)
.
(A.17)
Using Proposition A.3, the first term on the second line of (A.17) is
8
9
(
5I(p+ 4, q + 2; 5)
)
=
8
9(p+ q + 3)
{
5
(
−1
192
(
4(p+ 4)3 − 10(p+ 4)2 + 8(p+ 4) + 3
)
+
1
24
(p+ 4)(p+ 3)(p+ 2)(p+ 1)(−1)p(log(2)− A(p))
)}
.
(A.18)
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If p ≥ 1, using Proposition A.3, the second term on the second line of (A.17) is
8
9
(
− 8I(p+ 3, q + 3; 5)
)
=
8
9(p+ q + 3)
{
− 8
(
−1
192
(
4(p+ 3)3 − 10(p+ 3)2 + 8(p+ 3) + 3
)
+
1
24
(p+ 3)(p+ 2)(p+ 1)p(−1)p(log(2)− A(p− 1))
)}
.
(A.19)
If p ≥ 2, using Proposition A.3, the third term on the second line of (A.17) is
8
9
(
5I(p+ 2, q + 4; 5)
)
=
8
9(p+ q + 3)
{
5
(
−1
192
(
4(p+ 2)3 − 10(p+ 2)2 + 8(p+ 2) + 3
)
+
1
24
(p+ 2)(p+ 1)(p)(p− 1)(−1)p(log(2)− A(p− 2))
)}
.
(A.20)
Using the formulas
A(p− 1) = A(p) + (−1)p1
p
,(A.21)
A(p− 2) = A(p) + (−1)p−1 1
p− 1 + (−1)
p1
p
,(A.22)
and adding together (A.18), (A.19), and (A.20), after some algebraic simplification,
it follows that
8
9
(
5I(p+ 4, q + 2; 5)− 8I(p+ 3, q + 3; 5) + 5I(p+ 2, q + 4; 5)
)
=
1
18
1
p+ q + 3
{
− 109
2
− 68p− 33p2 − 6p3
+ 4(−1)p(p+ 1)(p+ 2)(3p2 + 9p+ 10)( log(2)− A(p))},
(A.23)
which holds assuming that p ≥ 2, q ≥ 0.
Next consider the case p = 0. Using Proposition A.3 it is easy to verify that the
left hand side of (A.23) is equal to
−109
36(q + 3)
+
80 log(2)
18(q + 3)
,
which is easily seen to be the same as the right hand side of (A.23).
For the case p = 1, using Proposition A.3 the left hand side of (A.23) is easily
verified to be equal to
733
36(q + 4)
− 88 log(2)
3(q + 4)
,
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which is easily seen to be the same as the right hand side of (A.23).
Consequently, (A.23) holds for all p ≥ 0 and q ≥ 0. From (A.16), the desired
formula (6.19) is obtained by symmetrizing this expression in p and q.
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